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SYNOPSIS A series of cyclic triaxial loading tests with varying strain amplitude were performed on 
samples of clay and sand. Three types of polynomial functionsmrl ahyperbolic function were applied 
to express the experimental nonlinear hysteresis curve of soils under cyclic loading conditions. 
These functions were used for the earthquake response analysis of the actual ground containing 
alluvial clay layer and of the idealized saturated sandy soil ground whose stiffness gradually 
decreases as the development of pore-water pressure. The results of the dynamic responses and the 
liquefaction potential were compared for a particular actual site and an idealized site by using the 
presented models and the hyperbolic function model. 
INTRODUCTION 
For the aseismic design of building structures, 
the dynamic characteristics of the subsoil 
should be clarified. According to the state-of-
the-art paper on the stress-strain relationships 
for soils by Richart,F.E. (1972), for example, 
the skeleton curve of soils can be adequately 
represented by a hyperbolic curve formulated by 
Konder (1963) and Hardin et al. (1972). The pre-
sented soil models have been obtained as the 
product of this skeleton curve and the normal-
ized hysteresis curve expressed by the polynomi-
al functions based on the experimental results 
and these actual dynamic properties of soil~: have 
been used in the earthquake response analysis. 
DYNAMIC STRESS-STRAIN RELATIONSHIPS 
Skeleton Curve 
The skeleton curve used in the analysis is 
( 1) 
in which Ty is the maximum shear stress: 
l 
Ty=[ (l+~o o~sin¢' +c'cos¢') 2- (l-~o ovl 2]2 (2) 
In the above equations, Yr is the reference 
shear strain, i.e. Yr=Ty/G0 , ov is the effective 
vertical stress, K0 is the coefficient of earth 
pressure at rest and ¢'is the effective angle of 
internal friction. The initial maximum shear 
modulus G0 is expressed as the function of ov, 
K0 and void ratio e. (Hardin et al. (1972)) 
Hysteresis Curve 
The following polynomial function in the normal-
ized form is considered for loading and 
unloading curves of the hysteresis loop. 
( 3) 
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The polynomial function was used for the studies 
on the reinforced concrete structure by Tani,S. 
et al.(l970) and the structural foundation-
ground system by Kitaura, M. (1975). Here the 
unknown coefficients a,b,c,d,e of the equation 
are considered as the function of shear strain 
amplitude y 0 under cyclic loading. Consider-
ing the conditions that both the tangents m of 
the hysteresis curve and the skeleton curve at 
strain y=y 0 are equal and that T/T 0 =1 when y/y 0 
=1 (Fig.l), the following loading and unloading 
curves of a hysteresis loop are obtained (Hodel A) : 
..2__=:t-a (l)4 +b (l)3 
To Yo Yo 
f-(m;l +a-b) (4) 
The hysteretic damping of Eq. (4) is 
heq=(2/15n) [-8a+l0b+5(1-m)] (5) 
Under the same conditions as the above mentione~ 
by neglectir.; the second order term or the fourth 
order term in Eq.(3), the following Eq.(6)(Model 
B) or Eq.(7) (Model C) are similarly obtained; 
the hysteretic damping of Eq.(6); heg=8a/5n, 
~ (c+m-1) (l)3 +c (...1_)2- (c+m-1) (l) :!:c (7) 





Fig. 1. Skeleton Curve and Normalized 
Hysteresis Curve 
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Fig. 2. Comparison of the Calculated and 
Experimented Hysteresis Curves 
(Saturated sand,o6=lkg/cm2 ,y 0 =0.112%) 
o: Experiment, . Calculated 
Fig. 3. Variation of Hysteresis Curve with 
Strain Amplitude (Diluvial clay, 









Fig. 4. Variation of Hysteresis Curve with 
Strain Amplitude (Diluvial clay, 
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Fig. 5. Stress-Strain Behavior in the Analysis 
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Port Island 1971, NS) 
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lhc hysteretic damping of Eq. ( 7) ; heq=4c/3rr. 
Finn et al. (1978) applied the hyperbolic func-
tion to the dynamic response analysis. For com-
parative investigation, the hyperbolic hystere-
sis curve is also used in this study (Model D) : 
~y±yo I (l+!Y±J:Qj) 
2Ty 2Yr 2yr ( 8) 
heq=-2
1 [8(l+_r_) (..l-logll+lj)j(l)2 -4] 
TT Yr Yr 'Yr Yr 
(9) 
In Model A, one condition is lacked to determine 
the unknown coefficients. Assume that a and b 
in Eq. (4) can be expressed in the following form 
referring to the experimental results; 





In the analysis, the hysteretic damping Eg. (11) 
is taken to approximate the hysteretic damping 
of Model q Eq. (9). HA and m are taken as the 
following constant value; HA=(l+v)n, 0.5<rn<l.O. 
For Models B and C, the unknown coefficient is 
determined corresponding to any arbitrary hys-
teretic damping, and was determined to be equal 
to the hysteretic damping of Model D in the 
analysis. For Model D, heq can not take any ar-
bitrary value and is expressed by Eq.(ll). 
Experimental and Calculated Hysteresis Curves 
As an example for sand, the calculated hystere-
sis curves for Models A to D are compared with 
the experimental hysteresis curve in Fig.2. 
All the calculated curves for each model seem to 
well fit the experimental curves. As an example 
for hard clay, the comparison between experimen-
tal curves and calculated curves by Model A(m= 
0.9) with various shear strain amplitudes is 
shown in Fig.3. The calculated curves by Model 
A with various strain amplitudes are shown in 
Fig.4, where mistaken as 0.6, 0.75, 0.8, 0.9. 
The value m has little effect on changing the 
hysteresis curve shape except the vicinity of 
the extremeties of the hysteresis curve. 
Hysteresis Law 
The hysteresis law adopted for the polynomial 
function model is assumed as follows. In Fig.5, 
up to the first reversal in loading, the stress-
strain path follows the skeleton curve, Eq.(l). 
When the loading is reversed at point A (y 1 ,T 1 ), 
the stress-strain curve which connects point A 
and point A'(-y 1 ,-T 1 ) with strain amplitude, y 0 = 
Yl is estimated as the subsequent stress-strain 
curve. On the way toward point A', if the load-
ing is reversed at point B(y 2 ,T 2), a new hyster-
esis curve which connects point A and point B 
with strain amplitude, y 0 =jyl-Yzl/2. If'the 
loading is not reversed and is continued over 
point A', the stress-strain path follows the 
skeleton curve at point A'. According to such a 
point directive type hysteresis law, the stress-
strain curve through points o~A~B-*C~n~ ·• · · is 
drawn under successive loading. 
EARTHQUAKE RESPONSE ANALYSIS 
Dynamic Response Analysis for an Actual Ground 
Models A and D were applied to estimate the dy-
namic response of a soft ground at Kobe Port Is-
land. The soil properties are shown in Table I, 
where the initial maximum shear modulus Go is 
evaluated from the measured shesr wave velocity 
in the down hole method at the site. The lumped 
mass system with the inherent hysteretic damping 
at each mass and the additional dissipating 
damping at the lowest mass (Cc=0.033kg·s/cm, Vs= 
200m/s) is solved by the Runge Kutta•s Method. 
The lst ·and the 2nd naturalperiods of the ground 
for the initial shear modulus are; T 1 =1.04sec., 
Tz=0.27sec •• Fig.7 shows the acceleration re-
sponse spectra of the calculated wave (In-put 
Max.8.12gal, K.P.-29.5m) and the recorded wave 
near the surface (Max.8.2lgal, K.P.+2.8m) in 
Fig.G. Both response spectra agree well each 
other. Fig.B shows the maximum acceleration and 
shear strain obtained for the different values 
of m in Model A. It seems that the hysteresis 
curve shape is little influenced by the value 
of m. At the 2nd and 3rd layers of soft. c>llu-
vial clay, the shear strain response is rela-
tively large (y 0 =0.18%). 
Effective Stress Analysis for Sandy Soil Ground 
In the earthquake response analysis which takes 
into account the pore-water pressure develop-
ment, it is assumed that the stress strain curve 
degrades step by step due to the increasing of 
pore-water pressure as shown in Fig.9. The in-
cremental pore-water pressure for one cycle is 
estimated in the following approximate manner: 
Corrcs~-:>onding to the resultant shear stress rati-
o , c/O~, the number of cycles to liquefaction, 
Nl, is obtained from the S-N curve. And the 
pore-water pressure ratio, ujo 0,can be obtained 
from the pore-water pressure buildup curve ex-
pressed by Seed et al. (1976). The S-N curve 
which was obtained from the laboratory test by 
~.Tan.imoto et al.(l970) in Fig.lO and a=0.7 for 
the pore-water pressure buildup curve in Fig.ll 
are used as the analysis data. In the analysis, 
the continuation of stress and strain before and 
after the change of effective confining pressure 
is considered. The initial liquefaction is in-
dicated when the shear stress ratio equals to 
the dynamic effective angle of shearing resis-
tance. After liquefaction, the effective con-
fining stress is assumed to still reserve 5% of 
that at the initial state, a;. In addition to 
the inherent hysteretic damping, 5% of the crit-
ical viscous damping proportional to the initial 
snear modulus is given in the analysis. 
Consider the idealized saturated sandy layer of 
infinite lateral extent resting on horizontal 
bed rock, which is shaken by horizontal shear 
waves. The properties of the sandy layers vary 
with depth (Table IT). The stratum of 30m is 
divided into 10 layers. The water level under 
the ground of G.L.-l.5m, the coefficient of 
earth pressure at rest of K0 =0.5 and the in-put 
acceleration wave of Kobe P.I.(max.lOOgal, K.P. 
-29.5m) in Fig.G are used. 
The earthquake responses were obtained by using 
Models A(m=0.9) to D considering the internal 
redistribution of pore-water pressure, i.e. the 
permeability of k=O.l cm/s which is representa-
tive of medium sand, the less permeability of k= 
0.01 cmjs and no internal redistribution. 
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TABLE I. Physical and Mechanical Properties of 
Ground in Kobe Port Island 
Depth Salls p e ~· Go ly • 
1-m) ('}/em 1 } ( deqree) 1 kg/em ) lkg/em·) 
7 >.25 sand l. 60 0.456 3 2. 0 640.0 0.095 
6 10.50 sand l. 60 0.699 29. 0 640.0 0.204 
5 15.25 sand l. 80 0. 7 34 31 . 0 720.0 0. 3 30 
4 20.00 sand l. 80 0. 80 7 32.0 720.0 0. 46 3 
3 25.50 clay l. 55 l. 6 8 5 0.0 225.0 0. 340 
2 31.00 clay l. 55 l. 7 2 4 0.0 225.0 0.445 
1 37.50 sand l. 70 J.980 32.0 6 50.0 0.780 
8.0 
- Record(K.?.+2.Sm) 8.0 
--Model D 
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Fig. 11. Ratio of 
Pore-water Pressure 
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Fig. 10. S-N CUrve for 
Liquefaction in the 
Analysis (by K.Tanimoto) 
TABLE II • Physical and 
M::rllanical Properties 
of Analyzed Grourrl 
Depth Gc ly Para-
I -m) (kg/em') (kg/em') meter 
10 3.0 49 7. 4 0. 114 p' 1. 9 
9 6. 0 703.5 0.228 lg/em') 
8 9.0 861.6 0. 34 2 
7 12.0 995.1 0.456 eo0.57 
6 15.0 1112.4 0.570 ~'o39. 0 
5 18.0 1218.6 0.685 (degree) 
4 21.0 1316.4 0. 799 
3 24.0 1407.3 0.913 mv= 5xl() 
2 27 .o 1492.5 1.027 lem 2 /kg) 
1 30.0 1573.2 1.141 
;; o. 5 






Acceleration and Shear Strain response 
at 8th Layer (Model B, k=O.Olcm/s) 
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Fig. 13. Stress-Displacement 
Response Curves (MXJ.el B) 
Fig. 14. MaximJM 
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Fig. 15. Computed Development of Pore-Water 
Pressures during Earthquake (MoJel B) 
Fig.l2 shows the responses of acceleration and 
shear strain at the 8th layer in Model B(k=O.Ol 
cm/s). It can be clearly observed that the ac-
celeration decreases and the shear strain be-
comes remarkably large after liquefaction at 
t=5.4sec .• Fig.l3 shows the results of the 
shear stress-displacement curve, which are the 
examples of both cases of neglecting and consid-
ering the pore-water pressure development (k=O.l 
cm/s). In the latter case, the liquefaction 
dose not occur but the displacement tends to 
drift on one side during earthquake loading. 
Fig.l4 shows the maximum pore-water pressure re-
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sponse along depth in Models A to D (k=O.Olcm/s). 
The results in Models C and D resemble each oth-
er and show that both the 7th and 8th layers are 
led to liquefaction, while it is limited to only 
the 8th layer in Models A and B. Fig.l5 shows 
the time history of pore-water pressure develop-
ment for the different permeabilities (k=O.lcm/s 
and k=O.Olcm/s). The redistribution from deeper 
layers increases the pore-water pressure at sur-
face. While at the 8th layer, the reduction of 
the pore-water pressure due to the diffusion to-
wards the surface is observed. This tendency is 
more remarkable for the case of the larger per-
meability (k=O.lcm/s). 
CONCLUSION 
The hysteresis curve shapes of soils which vary 
with strain amplitude are expressed by the pre-
sented three types of normalized polynomial 
functions whose coefficients vary with strain 
amplitude. 
In the analysis, the treatment for Model A in-
cluding one undeterminated coefficient is dif-
ferent from that for Models B and C, and one of 
the unknown coefficients HA was taken as con-
stant, and m is taken as 0.5<m<l.O. It was 
found that the results of the earthquake re-
sponse analysis for the actual ground were al-
most the same by using Models A and D, and that 
m has little effect in Model A. 
The effective stress analysis for the idealized 
saturated sandy soil groud was carried out by 
considering the pore-water pressure development 
in an approximate way. By comparing the results, 
for Models A to D, it was found that the maximum 
responses of stress and acceleration were almost 
the same, but the maximum responses of shear 
strain and pore-water pressure were considerably 
different. In order to simulate the soil behav-
ior after liquefaction, it will be necessary to 
use more acculate method in estimating the pore-
water pressure development. 
From the results of effective stress analysis 
considering the internal redistribution, it can 
be seen that the redistribution from deeper lay-
er increases the pore-water pressure at surface. 
This tendency is more remarkable for the case of 
the larger permeability. 
REFERENCES 
Finn,W.D.L., G.R.Martion and M.K.W.Lee (1978), 
"Comparison of the Dynamic Analysis for Satu-
rated Sand", Proc. ASCE Geotech. Eng. Special 
conf. on Earth. Eng and Soil Dynamics, ASCE, 
Vol.l, pp472-491, Pasadena California, June. 
Hardin,B.O. and V.P. Drnevich (1972), "Shear 
Modulus and Damping in Soils: Design Equations 
and Curves", J.SMFD, Proc. ASCE, Vol.98, No. 
SM7, July, pp. 667-692. 
Seed,H.B., P.P. Martin and J.Lysmer (1976) ,"Pore-
Water Pressure Changes During Soil Liquefac-
tion", J.JGE, Proc. ASCE, Vol. ,No.GT4,323-346 
Yoshimi,Y., F.E.Richart,S.Prakash,D.D.Barkan and 
V.A.Llichev (1977), "Soil Dynamics and its Ap-
plication to Foundation Engineering", Proc. 9ct.h 
ICSMFE, State-of the Art Report, pp. 605-650. 
